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Abstract
The method of resultants can be used to compute Hopf bifurcations in ODE systems.
We discuss this method from the applicant’s point-of-view. Furthermore, we show
in theory and examples that the method may be extended to cover other bifurcation
situations as well. Among them are the real Hopf situation which plays an important role in the transition to Shil’nikov chaos as well as some higher codimension
bifurcations, such as Takens-Bogdanov, Gavrilov-Guckenheimer and Double Hopf
bifurcations. The method yields an analytical testfunction which can be solved analytically or using computer algebra systems. In contrast to common analytical
techniques based on eigenvalue computation (which can only be applied to systems
of size N ≤ 4), the method is applicable for systems of intermediate size (N < 10).
We illustrate the power of the method by discussing examples from different disciplines of science: a Lorenz-like oscillator, two coupled oscillators and a five-species
food chain.
Key words: Bifurcation Detection, Hopf Bifurcation, Higher Codimension
Bifurcations
PACS: 05.45.-a
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Introduction

The time evolution of natural systems displays a large variety of qualitatively different long-term behaviors. The system’s long-term dynamics can
be either stationary, periodic, quasiperiodic or chaotic. If environmental parameters (such as ambient temperature) are varied, a change in the system’s
behavior is likely to occur. Even a small, gradual variation of the parameters
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may induce a sudden, discontinuous change in the system’s long-term dynamics. The critical threshold values at which this happens are called bifurcations.
Crossing a bifurcation is related with an instability of a certain long-term behavior leading to another one. Depending on the nature of the transition one
can distinguish between different types of bifurcations. For example at a Hopf
bifurcation [1] a transition from stationary to periodic motion occurs while
at a Neı̆mark-Sacker bifurcation a transition from periodic to quasiperiodic
motion takes place [2,3].
The presence of a bifurcation is of great importance in many physical, chemical and biological systems. For instance the formation of Rayleigh-Bénard
convection cells in hydrodynamics [4], the onset of Belousov-Zhabotinsky oscillations in chemistry [5], the occurrence of spikes in neuron models [6], and
the breakdown of the thermohaline ocean circulation in climate dynamics [7,8]
are caused by crossing Hopf bifurcations.
In this paper we focus on bifurcations in the large class of model systems
that consist of N variables x1 , . . . , xN , the dynamics of which is given by N
ordinary differential equations (ODEs) of the form
ẋi = Fi (x1 , . . . , xN , p1 , . . . , pM );

i = 1 . . . N.

(1)

The functions F1 , . . . , FN are in general nonlinear in x1 , . . . , xN and depend
on M parameters p1 , . . . , pM . The form of these functions determines the type
and location of the bifurcations encountered.
To locate the bifurcations of a given system in parameter space is one of
the main tasks of qualitative analysis. One can distinguish between local and
global bifurcations [9,10]. While global bifurcations can not be detected by
a local stability analysis, local bifurcations correspond to qualitative changes
in the neighborhood of one steady state and can, therefore, be detected by
monitoring the eigenvalues of the corresponding Jacobian matrix. This is usually done by numerically solving a system of nonlinear equations designed in
a way, that they yield the bifurcation point as a unique solution [11,12,13].
While several software packages for convenient computation of bifurcations
exist [14,15,16,17,18], these are only capable of calculating bifurcations as a
function of up to two parameters. In many practical applications however one
is interested in the whole parameter space. Therefore an analytical approach
yielding the bifurcation as a function of all system parameters is highly desired.
Direct analytical computation of the eigenvalues is only possible for small systems up to N = 4. However, the knowledge of all eigenvalues is not always
necessary for bifurcation detection. Consider for instance transcritical, pitchfork or turning-point bifurcations. These bifurcations occur if an eigenvalue
of the Jacobian becomes zero. The determinant of the Jacobian can therefore
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act as a testfunction for the mentioned bifurcations. Checking for a vanishing
determinant is in general much easier than the factorization of the Jacobian’s
characteristic polynomial and is possible for systems of any size.
Two methods yielding analytical testfunctions for the Hopf bifurcation have
been proposed in [19]. One of these is the method of resultants. The basic idea
of this method is that the symmetry of the eigenvalues may be used to split
the characteristic polynomial of the Jacobian Matrix matrix into two coupled
polynomials. Unlike a single polynomial, two coupled polynomials may always
be solved using resultants. In this paper we show in theory and examples, that
this method is not only applicable to Hopf bifurcation points, but how it may
also be used to compute other interesting bifurcation situations, like real Hopf,
Takens-Bogdanov, Gavrilov-Guckenheimer and double Hopf bifurcations. The
method is especially advantageous for systems of intermediate size (say, N <
10) for which analytical testfunction with full parameter dependence can be
obtained. In smaller systems these testfunctions can often be solved to yield
an explicit description of the bifurcation surfaces.
The paper is organized as follows: The bifurcations for which the method
can be used are explained in detail in Sec. 2. In Sec. 3 we give an outline
of the method showing how properties of the bifurcations can be used to
derive a suitable testfunction. Three examples are presented in Sec. 4. We start
with a Lorenz-like Shimizu-Morioka oscillator. In the second example two of
these oscillators are coupled to yield a six dimensional system. Finally, we
investigate the bifurcations of an example from population dynamics, namely
a five-species food chain. We finish in Sec. 5 with conclusions underlining the
usefulness of this approach for small and intermediate systems and discuss
possible extensions of the method.

2

Tractable Bifurcations

The method of resultants was originally proposed for the computation of Hopf
bifurcations [19]. However, the method is applicable to many bifurcation situations, of which Hopf, Takens-Bogdanov, Gavrilov-Guckenheimer and double
Hopf bifurcations are the most important ones. They are known to occur in
many physical systems and often play an important role for the systems longterm behavior.
At the bifurcation point the dynamics of the system will change in a typical
way depending on the type of bifurcation involved. In this section we discuss
the mentioned bifurcations and their effect on model dynamics. At the end of
the section we will describe an interesting eigenvalue constellation known as
real Hopf situation which can as well be detected using the proposed method.
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In a Hopf bifurcation a pair of complex conjugate eigenvalues of the Jacobian
crosses the imaginary axis. If the system was in a stable steady state before
the bifurcation, the steady state loses it’s stability at the bifurcation point.
Furthermore, a stable or unstable limit cycle emerges or vanishes in the Hopf
bifurcation. In the long-term behavior the Hopf bifurcation of a stable steady
state is reflected by a transition between stationary and periodic behavior.
Since the method is used to detect the Hopf bifurcation with full parameter
dependence, higher codimension bifurcations which involve a Hopf bifurcation
can be detected easily. For instance, the Takens-Bogdanov (TB) bifurcation is a
codimension two bifurcation in which a branch of Hopf bifurcations vanishes
as the steady state involved undergoes a turning point (saddle-node) bifurcation. Furthermore, a branch of homoclinic bifurcations emerges from this
bifurcation. The homoclinic bifurcation will be discussed later in this section.
At the TB point the Jacobian of the system has a double zero eigenvalue.
Another example of a codimension two bifurcation is the Gavrilov-Guckenheimer
(GG) bifurcation. This bifurcation occurs if a Hopf bifurcation collides with a
transcritical bifurcation. At the bifurcation point we have a single zero eigenvalue in addition to a purely imaginary eigenvalue pair. Like the TB bifurcation the GG bifurcation indicates the presence of a branch of homoclinic
bifurcations.
Finally, if two Hopf bifurcations collide in parameter space a codimension two
double Hopf (DH) bifurcation is formed. In this bifurcation we find two purely
imaginary pairs of complex conjugate eigenvalues.
The DH and GG bifurcations are very complex and have not been studied
completely [9]. However, their existence in a given system implies the presence
of many possible long-term behaviors like stationary, periodic, quasi-periodic
and chaotic behavior.
In contrast to the other bifurcations discussed here the homoclinic bifurcation is a global bifurcation and can not be detected by a local stability analysis. However, we have seen that the existence of a homoclinic bifurcation
can in many cases be guessed from the presence of a Gavrilov-Guckenheimer
or Takens-Bogdanov bifurcation. In a homoclinic bifurcation a limit cycle
emerges from a homoclinic orbit (a trajectory that tends to the same saddle point for t → ∞ and t → −∞). The stability of the created limit cycle
is determined by the eigenvalues of the Jacobian at the saddle point [20].
Knowing the eigenvalue with the smallest positive real part λ+ and the eigenvalue with largest negative real part λ− the stability of the limit cycle can be
expressed in terms of the saddle index
s=−

Re(λ− )
.
Re(λ+ )

(2)
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In this paper we will focus mainly on the case in which both λ+ and λ− are
real and λ+ is the only eigenvalue with positive real part. In this case only
a single limit cycle is formed which is stable if s > 1 and unstable if s < 1.
For s = 1 the stability is undetermined as λ+ and λ− are symmetrical with
respect to the point of origin.
A situation in which two purely real, symmetric eigenvalues are present is
called a real Hopf situation [21]. This situation is not to be confused with the
(imaginary) Hopf bifurcation where we have a symmetric but purely imaginary
eigenvalue pair. In contrast to the Hopf bifurcation the real Hopf situation is
technically no bifurcation, since it does not necessarily involve the creation or
destruction of invariant sets or a change in their stability. However, in systems
in which homoclinic bifurcations exist, a real Hopf situation may mark a line
of unit saddle index which may in turn indicate a change in the stability of
the limit cycle created in the homoclinic bifurcation.
A similar but less frequently encountered situation is a symmetric pair of
complex conjugate eigenvalue pairs. In the following we will call this situation
complex Hopf situation. Like the real Hopf situation it indicates a unit saddle
index if no other eigenvalue with real part closer to zero are present, which
in turn indicates a change in limit cycle stability if all other eigenvalues have
negative real part.

3

Outline of the method

In this section we show how the symmetry of some eigenvalues of the Jacobian
can be used to detect bifurcations. As a result we will be able to find an implicit
equation, acting as a testfunction for the bifurcation as well as the value of
the symmetric eigenvalues. Explicit calculation of the other eigenvalues is not
necessary.
In this section we will largely follow the approach of Guckenheimer et al. [19],
although with a different focus. We consider the application of the resultants,
not in a numerical but in a computer algebra based method. At the end of this
section we summarize our results in algorithmic form to make the application
of the method easier.
We consider characteristic polynomials of the form
P (λ) =

N
X

cn λn = 0.

(3)

n=0

The common feature of the bifurcations discussed in Sec. 2 (apart from the
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homoclinic bifurcation) is the existence of a pair of eigenvalues λ+ and λ−
satisfying the symmetry condition
λ+ = −λ− .

(4)

For λ+ Eq. (3) reads
P (λ+ ) =

N
X

c n λ+ n = 0

(5)

n=0

While for λ− Eq. (3) may be written as
P (λ− ) =

N
X

cn λ+ n (−1)n = 0.

(6)

n=0

By forming the sum and the difference of Eqs. (5) and (6) we obtain the
conditions
N
X

cn (1 + (−1)n )λ+ n = 0,

(7)

N
X

cn (1 − (−1)n )λ+ n = 0.

(8)

n=0

n=0

Equation (7) contains only terms which are of even order in λ+ while Eq. (8)
contains only terms of odd order. Assuming that λ+ 6= 0 holds, we divide
Eq. (8) by λ+ and obtain
N
X

cn (1 − (−1)n )λ+ n−1 = 0.

(9)

n=1

By dividing once by λ+ we have insured that the resulting equation can not
be solved by a single zero eigenvalue. However, a double zero eigenvalue (for
instance at a TB-point) can still solve the equation.
Having eliminated all terms with odd orders in λ+ we may reduce the order
of the polynomials by the substituting the Hopf number [21]
χ := λ+ 2

(10)
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which yields
N/2

X

c2n χn = 0,

(11)

c2n+1 χn = 0.

(12)

n=0

N/2

X

n=0

where N/2 has to be rounded up or down to an integer value as required. So
far we have split the characteristic polynomial of order N into two coupled
polynomials of order N/2 by employing the symmetry condition. Using results
from mathematical elimination theory [22] we know that two general polynomials f (x) and g(x) have a common root if the resultant of the polynomials
R(f, g) vanishes. Using the Sylvester formula, the resultant of Eqs. (11) and
(12) can be in Hurwitz form

RN :=

c1

c0

0

...

0

c3
..
.

c2
..
.

c1 . . .
.. . .
.
.

0
..
.

cN cN −1 cN −2 . . . c0
0

0

0
..
.

0
..
.

0
..
.

. . . c4
. . . ..
.

0

0

0

. . . cN −1

.

(13)

cN . . . c2

For sake of simplicity we have assumed that N is odd.
Formulation of the resultant is an important step in the method. In order
to make this step easier we would like to provide the reader with a simple
algorithm: Take a determinant of size (N − 1) × (N − 1). Fill the first element
of the first row with c1 . If the first element of a given row is cn the first element
of the next row is cn+2 . If an element is cn the next element in the same row is
cn−1 . Use these rules to fill the whole determinant. Finally, set all coefficients
that do not appear in the characteristic polynomial (like, for instance c−1 ) to
zero.
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For example the resultant for N = 6 is
c1 c0 0 0 0
c3 c2 c1 c0 0
R6 = c 5 c 4 c 3 c 2 c 1 .

(14)

0 c6 c5 c4 c3
0 0 0 c6 c5

So far we have shown that in order to check for the symmetry condition which
indicates many interesting bifurcations one has only to compute the value of
the resultant. Although the calculation of large determinants can be tedious,
it is much easier than the factorization of the characteristic polynomial. In
order to determine which of the bifurcation situations mentioned in Sec. 2 has
been encountered we need to find the value of the Hopf number χ.
It has been proved [22] that unless all partial derivatives of the resultant vanish
the common root of two polynomials can always be found from the proportions
(1 : χ : . . . : χN ) = (

∂RN
∂RN ∂RN
:
: ... :
),
∂c0
∂c2
∂cN −1

(15)

(1 : χ : . . . : χN ) = (

∂RN ∂RN
∂RN
:
: ... :
).
∂c1
∂c3
∂cN

(16)

A more efficient way to find the common root goes as follows: For systems with
N > 3, delete the last two columns and the last row of the resultant matrix,
yielding a (N − 3) × (N − 2) matrix A. Then, generate a (N − 3) × (N − 3)
matrix B by deleting an arbitrary row j (say, 1) of A. Generate another
(N − 3) × (N − 3) matrix C by deleting the row j + 1 of the matrix A. The
common root can now be computed as
χ = −|B|/|C|.

(17)

For systems with N = 3 or N = 2 the common root is simply
χ = −c0 /c2 .

(18)
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We consider the example N = 6 again which yields (for j = 1)
c1 c0 0
c5 c4 c3
χ=−

0 c6 c5

.

(19)

c3 c2 c1
c5 c4 c3
0 c6 c5
So far we have shown that a symmetric eigenvalue pair exists if the Resultant
given by Eq. (13) vanishes. We can compute the Hopf number χ, which is the
square of the symmetric eigenvalues by applying Eq. (17) or Eq. (18). Knowing
χ we can distinguish between four different situations:
•
•
•
•

χ real, < 0. Hopf bifurcation.
χ real, > 0. Real Hopf situation.
χ undetermined. More complex situations (e.g. Double Hopf).
χ = 0. Takens-Bogdanov point.

Note that the common root may be undetermined if |C| = 0 and |A| = 0.
However, such situations are at least of codimension-2 and therefore rarely
encountered.
Furthermore, we have to emphasize that the method detects eigenvalue constellations that do not always necessarily alter the long term-behavior of the
system. Whether the long term behavior is altered depends on the other eigenvalues, which are not calculated explicitly. Therefore, simulations should be
carried out to determine how the long term behavior is affected. However, since
the potential bifurcation surfaces are known one simulation run on either side
of the surface is usually sufficient to find out if and how the dynamics of the
system change at the surface.
Summing up the results of this section we can identify the following key steps
in the method:
(1) Calculate the coefficients of the characteristic polynomial c0 . . . cN .
(2) Derive an implicit equation describing the bifurcation by demanding the
resultant to be zero.
(3) Calculate χ using Eq. (17) to determine the type of bifurcation.
(4) Plot the bifurcation surface, solving the implicit condition analytically or
numerically.
(5) Locate higher codimension bifurcations in the plot.

9

4

Examples

Even though it is easy to implement, the method of resultants has, to our
knowledge rarely been applied (see [23]). In this section we present three examples by which we aim to underline the advantages of the method. Since
the method is very general in nature we had to choose from a wide range of
possible applications. The first examples has been chosen to illustrate the extention to the real Hopf situation. The second example proves the applicability
for systems of intermediate size. Finally, the appearance of higher codimension
bifurcation is shown in the third example.
The first two examples deal with an extended Shimizu-Morioka oscillator
which is a Lorenz-like system that turns up in fluid dynamics as well as in laser
physics. In the first example we study a single oscillator. Since the oscillator
is only three dimensional it’s Hopf bifurcations could be found by explicit calculation of the eigenvalues of the Jacobian. However, even in this simple case
the method of resultants is more convenient. We included this easy example
because it illustrates the spirit of the method very well. Furthermore, it serves
as an introduction to the second example in which we demonstrate the applicability of the method for larger (N = 6) systems by considering two coupled
Shimizu-Morioka oscillators. Our final example deals with an ecosystem model
of five species that interact in a five-level food chain. This example has been
chosen because it originates from yet another branch of science and contains
interesting bifurcations of higher codimension.

4.1 Extended Shimizu-Morioka model
The well-known Lorenz model was originally developed to describe Bénard
convection in a heated fluid [10]. The dynamics of the three model variables
x, y, z are given by
ẋ = −σ(x − y),
ẏ = rx − y − xz,
ż = −bz + xy.

(20)

The parameter r is the relative Rayleigh number, σ is the Prandtl number
and b is a constant depending on the geometry of the convection cell. In
this example we will study the behavior of the Lorenz-like extended ShimizuMorioka model [24]
ẋ = y,
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ẏ = x(1 − z) − Bx3 − ly,
ż = −a(z − x2 ).

(21)

This model is a reduced version of the Lorenz model for r > 1. The parameters
of the two models are related by

a= q
l= q

b
σ(r − 1)
σ+1

σ(r − 1)
b
.
B=
2σ − b

,

(22)

,

(23)
(24)

For B = 0 the extended model is identical to the original Shimizu-Morioka
model which was introduced as a approximation to the Lorenz model for high
Rayleigh numbers [25].
Apart from their important role in fluid dynamics Lorenz and Lorenz-like systems turn up in many different areas of physics. The Shimizu-Morioka model
has been shown to be a low-dimensional model of the zero intensity state of
lasers containing a saturable absorber [24]. The extend model exhibits dynamics that are similar to some three-level laser models. More generally speaking
it can serve as a truncated asymptotic normal form (that is, a low dimensional
approximation) of a class of higher dimensional models. In this case B is a
constant depending on the specific structure of the higher dimensional system.
The dynamics of the extended Shimizu-Morioka oscillator have been studied
numerically [24] and analytically using the method of comparison systems
[26]. The investigations show that a Hopf bifurcation and a surface of unit
saddle index are involved in the creation of a large region of Shil’nikov chaos
in parameter space.
The system has one trivial steady state with x = 0 and two symmetric nontrivial steady states with x = ±(1 + B)−1/2 . In all steady states y = 0 and z =
x2 hold. In the nontrivial steady states we obtain the characteristic polynomial
λ3 + (a + l)λ2 + (al + 2B(B + 1)−1 )λ + 2a = 0.

(25)

The resultant according to Eq. (13) is
la + 2B(B + 1)−1 2a
1

=0

(26)

a+l
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yielding
B=−

la(l + a) − 2a
la(l + a) + 2l

(27)

The Hopf number on the bifurcation line given by Eq. (18) is
χ = −2a/(a + l).

(28)

Since χ is negative for a > 0 and l > 0 the surface described by Eq. (27) is a
Hopf bifurcation.
Analogous investigation of the trivial steady state reveals a real Hopf situation
corresponding to a unit saddle index surface at
l = a−1 − a2

(29)

for arbitrary B. The surfaces are shown in Fig. 1. Both surfaces play an im-

l

1.5
1

0.5
0
0

0.25

B

0.5

0.75

1 0

0.25

0.5

0.75

1

a

Fig. 1. The Hopf (dark grey) and the real Hopf situation (light grey) surface of
Shil’nikov’s oscillator depending on the three parameters a, B and l.

portant role in the formation of the chaotic region. The chaotic attractor is
formed from a pair of limit cycles which emerge from the nontrivial steady
state in the Hopf bifurcation and undergo a homoclinic bifurcation with the
trivial steady state. It is (mainly) encountered below the Hopf (dark grey)
surface and left of the real Hopf situation (light grey). Therefore, the system
may be regarded as more stable if the Hopf bifurcation happens at a low value
of l.
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Increasing B rapidly stabilizes the system by lowering the critical value of l.
For B = 0, increasing a stabilizes the system. But only so slightly that hardly
any decrease in l is visible in the figure. Even at very small values of B the
system is no longer stabilized by increasing a as the critical l now increases as
a is increased.
Using the proposed method the bifurcation surfaces have been found in minutes. In comparison, analytic factorization of the characteristic polynomial and
subsequent search for symmetric or purely imaginary eigenvalues is a much
more tedious task.
4.2 Coupled Oscillators
In our next example we will study a system of two coupled oscillators of the
type discussed in Sec. 4.1. For the sake of simplicity we apply the coupling in
the y-direction. In this way the coupling does not alter the steady state values
of the individual oscillators since the coupling term vanishes in all individual
steady-states.
We obtain the ODE system
x˙1 = y1 ,
y˙1 = x1 (1 − z1 ) − Bx1 3 − ly1 − k(y1 − y2 ),
z˙1 = −a(z1 − (x1 )2 )

(30)

x˙2 = y2 ,
y˙2 = x2 (1 − z2 ) − Bx2 3 − ly2 + k(y1 − y2 ),
z˙2 = −a(z2 − (x2 )2 ),
where k is the coupling strength. This system has not been chosen with any
specific application in mind. It should rather be viewed as a simple but realistic
example of a coupled oscillator system.
In this paper our aim is not to give a exhaustive discussion of the behavior of
the system, which would require the investigation of the dynamics around all
steady states as well as further analysis. In order to give a brief demonstration
of the usefulness of the method we restrict ourselves to the investigation of
the steady states in which one oscillator is in a trivial and one oscillator is in
a nontrivial state. This case proves to be particularly interesting since both
bifurcation surfaces found in our earlier example reappear.
Since the system is six dimensional the eigenvalues of the Jacobian can not
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be calculated analytically. Using the method of resultants however an implicit
condition for the bifurcation surfaces can still be derived using symbolic mathematics tools like MAPLE or MATHEMATICA. The analysis reveals a Hopf
bifurcation surface and a surface of unit saddle index shown in Fig. 2. Although the result obtained with the method has full parameter dependence
we have set a = 0.5 to be able to display the results in a convenient form.

l

5
4
3
2
1
0
−1
0
0.25

B

0.5
0.75
1 2

1

0

−1

−2

k

Fig. 2. Hopf (dark grey) and real Hopf situation (light grey) surfaces of the coupled oscillator system depending on the nonlinearity B and coupling strength k at
a = 0.5.

The results obtained by the method of resultants are shown in Fig. 2. As in the
single oscillator case, we find a Hopf bifurcation surface (dark grey) and a real
Hopf situation surface (light grey). Again, the chaotic region is encountered
mainly below the Hopf bifurcation. Since, the critical value of l decreases as
k is increased, the system is stabilized by positive coupling.

4.3 Five-Level Food chain
The dynamics of ecosystem models is of great interest in theoretical ecology.
Knowledge of the mechanisms which lead to the initial loss of stability of the
steady state and the parameter values at which this loss occurs helps environmental scientists to evaluate proposed measures for stabilizing endangered
ecosystems. In this example we will study a simple food chain model.
A food chain is a system of a number of species which occupy different trophic
levels. The lowest trophic level is held by the primary producer of biomass.
The species which preys on the primary producer occupies the second level
and so on. Short food chains of up to three species have often been studied in
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theoretical ecology (see for instance [27]). However, in nature food chains of
length up to six have been observed.
In this example we study a five-level food chain since this case proves to be
especially interesting. The abundance of the five species is described by the
variables X1 . . . X5 with the index denoting the trophic level. The dynamics
of the model are given by
Ẋ1 = g̃(X0 )X1 − g(X1 )X2 ,
Ẋ2 = r1 (g(X1 )X2 − g(X2 )X3 ),
Ẋ3 = r2 (g(X2 )X3 − g(X3 )X4 ),

(31)

3

Ẋ4 = r (g(X3 )X4 − g(X4 )X5 ),
Ẋ5 = r4 (g(X4 )X5 − X5 ).
In these equations we have assumed that the rate of predation is linear in the
predator abundance and some function g() of the prey abundance. Species
X1 feeds on a nutrient source X0 , the concentration of which is given by the
algebraic equation
X0 = K − X1 ,

(32)

where K is a carrying capacity describing the total amount of nutrients in
the system. Apart from predation no other loss terms arise except for the
top predator X5 which has a linear mortality due to natural death, disease or
predation by higher species which are not modeled explicitly.
By scaling the species abundances and time appropriately the system has been
normalized in a way that
g̃(X0 ∗ ) = g̃(K − 1) = 1,

(33)

g(Xi ∗ ) = g(1) = 1,

(34)

i > 0.

Here X1 ∗ . . . X5 ∗ denote the abundances in the normalized steady state Xi =
1, i = 1 . . . 5. There is at least one other nontrivial steady state and more may
arise depending on the form of g() and g̃().
Higher trophic levels are generally occupied by species with larger individuals.
Since larger animals have in general a longer life cycle, a slowing down of
the growth rates with increasing trophic level is observed in almost all food
chains. This slowing down is modeled by including increasing powers of r in
the Eqs. (31).
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As a result the Eqs. (31) are a simple but fairly realistic model of a fivetrophic food chain. The reason for choosing this specific model was that it can
be described entirely by the parameter r and the parameters
a=

h=

∂g̃
∂X0

X0 =X0 ∗

∂g
∂Xi

Xi =Xi ∗

,

,

(35)

i > 0.

(36)

In contrast most other food chain models contain many more of parameters.
More parameters would pose no problem to the method, but may confuse a
general audience. The parameters a and h measure the slope of the interaction
functions in the steady state which allows us to simulate the effect of different
types of functions g(). In Lotka-Volterra models g() is assumed to be linear.
In this case h = 1 because of Eq. (34). More realistic models use functions of
Holling type that are linear for small prey abundance but approach a limit as
the prey abundance grows.
The value of parameter a contains the carrying capacity K implicitly. Due to
Eq. (32) large a implies that the amount of nutrients that can be harvested
by the primary producer decreases rapidly as X1 increases over the steady
state value. This will in general be the case in environments with low carrying
capacity, while a ≈ 0 will only be found in environments with infinite carrying
capacity. The parameter r will in general be chosen such that 0 ≤ r ≤ 1 in
order to slow the higher species down.
The system described by Eqs. (31) is numerically difficult to handle because
of the different timescales arising for small values of r. Applying the method
we obtain the bifurcation diagram shown in Fig. 3. The grey surfaces shown
in the picture are Hopf bifurcations. On the white surface the determinant of
the Jacobian vanishes. This surface will in general correspond to a transcritical bifurcation (depending on g(), g̃()). The steady state is stable above the
surfaces. If h is decreased it becomes unstable in a Hopf bifurcation. Thereafter, the other two bifurcations are encountered in which the steady state
stays unstable. Where the two Hopf surfaces intersect a double Hopf (DH)
bifurcation is formed. Furthermore there is a Gavrilov-Guckenheimer (GG)
bifurcation line at the intersection of one of the Hopf bifurcation surfaces with
the transcritical bifurcation. All three bifurcation surfaces meet in a single line
at a = 0 and h = 1 which corresponds for instance to a Lotka-Volterra food
chain in an environment with infinite carrying capacity. On this line we have
five eigenvalues with vanishing real part.
These results demonstrate that food chains of the given form are stable if the
predators are sensitive enough to prey density (high h). Stability is improved
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Fig. 3. Bifurcations of the 5-level foodchain. The two dark surfaces correspond to
Hopf bifurcations while the white surface will in general be a transcritical bifurcation. A double Hopf (DH) bifurcation line is formed at the intersection of the dark
surfaces. Furthermore there is a Gavrilov-Guckenheimer (GG) bifurcation line at
the intersection of one of the dark surfaces with the white surface.

if the carrying capacity of the environment is low (high a) while stability is
reduced in nutrient rich environments (low a). Food chains in which predators
grow nearly as fast as their prey (r close to 1) are generally likely to become
unstable regardless of the carrying capacity.
The dynamics of the five-level foodchain are an example of the so-called
Paradox-of-Enrichment [28]. In general, the attempt to enrich an ecosystem
by adding nutrients fails. An increased amount of nutrients causes instability
and possibly the extinction of species.
Furthermore, this example shows that the higher codimension bifurcations
can easily be spotted, once the full parameter dependence of the bifurcation
surfaces is known. In the three-parameter bifurcation diagram codimension
two bifurcations appear as lines at which codimension one surfaces intersect
(DH, GG) or meet (TB) each other. Codimension three bifurcations are generally expected to appear as points. The appearance of what seems to be a
line of codimension three bifurcations at a = 0 is caused by the well-known
degeneracy of food chains of Lotka-Volterra type.

5

Discussion

We have demonstrated that the proposed method is a valuable tool for bifurcation analysis of ODE systems. In small systems (N ≤ 4) the necessary
calculations can usually be done with pen and paper. In this case the method
can be seen as a more convenient way of finding the bifurcation surfaces than
17

working out the eigenvalues explicitly. It might be seen as a disadvantage of
the method of resultants that it only yields bifurcation surfaces while by working out the eigenvalues one can deduce the stability of the steady state as well.
However, knowing the bifurcation surface the stability on either side of the
surface can be found by running a simulation or calculating the eigenvalues
numerically at one point on each side of the surface. The two points needed
can be chosen in a way that the eigenvalues can be guessed or the simulation
runs smoothly.
For systems of intermediate size (4 < N ≤ 10) one would normally resort to
computational techniques. Resultants are rarely used since it is known that
the computation of characteristic polynomial coefficients is numerically unstable. However, we propose to use resultants not in a numerical, but in an
analytical, computer algebra-assisted approach. The computation of polynomial coefficients is done analytically and therfore not critical. Numerics is
only needed to plot the implicit solutions. Although other formulations of
resultants exist, the Sylvester resultant used here are advantageous. In our
calculations the two main steps, calculation of the polynomial coefficients and
calculation of the resultant are of equal complexity. This helps to keep the
build-up of complexity of the solutions relatively low. Therefore the method
including computational sampling of the implicit analytic solution is in many
cases faster and safer than fully computational approaches.
Consider furthermore that even for N = 10 the coefficients cn with even n will
only occur four times in the resultant matrix. Therefore, the resultant will be
a polynomial of order 4 or less in these coefficients. Hence, it is always possible
to derive an explicit function for the value of a given coefficient (say c0 ) on
the bifurcation surface. Which will allow to plot the bifurcation surfaces without sampling the implicit solution if the parameters can be given as explicit
functions of the cn .
Another problem of the method presented here is that it depends on the knowledge of the steady state under consideration. It is therefore especially suited for
cases in which the steady state is easy. In these cases the method has several
advantages. Most importantly the implicit solution contains the full parameter dependence which allows illustrative three parameter bifurcation diagrams
to be created easily. Higher codimension bifurcations like Takens-Bogdanov,
Gavrilov-Guckenheimer or double Hopf bifurcations and even codimension
three bifurcations turn up in a natural way.
Furthermore, having an alternative method at hand is an advantage of it’s
own. Especially since the method is analytical and can therefore be successfully
applied where other methods run into computational problems.
Although the proposed method is in principle still applicable for large systems
18

(N > 10) the resultants involved tend to become too large to be handled easily
with standard symbolic software. However, we believe that this limit could be
increased by using specialized programs employing parallel processing.
Finally, the method could (in spirit) be extended to cover other interesting
situations as well. This is possible since every algebraic condition imposed on
the eigenvalues of the Jacobian may be used to split the characteristic polynomial into a system of polynomials which may be solved using resultants.
Unfortunately, the reduction of the order of the polynomial by a factor of two,
that arose from the symmetry condition is lost. Therefore the method seems
to be advantageous only for Hopf bifurcation and the related situations mentioned earlier. Nevertheless, this result implies that the dynamics around a
steady state of an N -dimensional ODE system can always be described qualitatively in terms of N parameters (for instance the characteristic polynomial
coefficients c0 . . . cN −1 ) even if the model has many more parameters.
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